We consider the flat Cauchy problem from a characteristic submanifold Σ of high codimension (greater than 1).
case, S. Alinhac [1] , [2] studied hyperbolic Fuchsian operators. He showed that when the operator was strictly hyperbolic for / > 0, one had wellposedness in the flat Cauchy problem. Uniqueness results for a more general class of Fuchsian operators have been obtained by G. Roberts [8] when the coefficients are smooth.
For submanifolds of higher codimension, Alinhac and Baouendi [3] studied the uniqueness question. In particular, they defined (strictly) radially hyperbolic operators, and, when Σ was simply a point, proved uniqueness for such operators if the solution to Pu = 0 was sufficiently flat at t = 0. They showed the same result for second order (strictly) radially hyperbolic operators when Σ had dimension greater than or equal to 1. We present here results of existence, regularity, and flatness for those two cases and use their uniqueness results to obtain well-posedness in the flat Cauchy problem.
When Σ is just a point, Theorem 3 proves well-posedness for (strictly) radially hyperbolic operators of any order. Using pseudodifferential calculus on a compact manifold without boundary, Theorem 1 shows existence of "nice" distribution solutions to the equation Pu = /. This is done via an energy method involving Sobolev norms. For a good review of these notions, the reader is referred to Alinhac [2] , Hόrmander [5] , Nirenberg [6] , [7] , and Treves [9] . Theorem 2 gives better regularity to the solutions of Theorem 1; it provides solutions flat to any finite order desired. Theorem 3 then follows from Theorem 2 and the uniqueness [3] .
where P m _ } is a linear partial differential operator defined on the sphere iS" 1 " 1 , of order m -j, depending smoothly on the parameter t. Let τ be the dual variable to t and (0, η) be the variable in T* (S n~ι ) . For p = tr and p m -j(t, θ, TJ) denoting the (globally defined) principal symbol of P m -j(t 9 θ, 9fl), we say that P of the form (1.1) is (strictly) radially hyperbolic at the point 0 e Wif its principal symbol, namely p m (t 9 θ 9 p, η) = (ip) m + m Σp m -j(t 9 θ 9 η)(ip)\
= 0
has (distinct) real roots in p, i.e.
with the / Λ 's real (and distinct) for all (ί, 0, η) e [0, Γ] X (Γ*(5"-χ ) \0).
REMARK. If P is radially hyperbolic at the point 0 e ^ then it is hyperbolic with respect to the hypersurface {t = ε} for each ε, 0 < ε < Γ, but at the point 0 e fF, P becomes characteristic, i.e. for / = 0, r = 1, η = 0, we see that /? w vanishes. 
Theorem 1 is not proved by solving directly the equation Pu = f. Instead, we introduce the new operator Q λ = P(t, 0, td t 4-λ, 9^) for λ e N and solve Q λ w = t~λf, λ large. In doing so, since Q λ (t~λv) = t~λPυ, we have a solution of the form u = t λ w, i.e.
To solve <2 λ w = Γ λ /we use the Riesz Theorem and the following lemma concerning the adjoint operator Q*. The preceding lemma utilizes pseudodifferential calculus by factoring the operator Q λ . For each root l k (t,θ,η) we have the corresponding factor
is a pseudodifferential operator of order 1 on M, smooth in t 9 with principal symbol equal to il k (t,θ,η) . The inequality for Ql is shown to follow from similar inequalities for each of its factors.
If we assume more regularity in the right-hand side function /, the following theorem then shows us we can expect more regularity in the solution. THEOREM The Levi-type condition implies a factorization for Q λ similar to the one in the strictly hyperbolic case. This factorization also shows that the uniqueness result of Alinhac and Baouendi [3] still holds.
Results for radially hyperbolic operators when
containing the origin (v > 1), and P(z, 3 Z ), z e R n+ \ an mth order linear partial differential operator with smooth coefficients defined near 0 G R^", we assume there exists local coordinates (x, y) near 0 so that Σ = {y = 0} and P, written in cylindrical coordinates t = \y\,y = tθ, θ e S n~ι , takes the form
Here
with <2^_ y _| α j a differential operator defined on the sphere S n~ι , of order m -j -\a\ 9 depending smoothly on (/, x) e [0, T] X Ω, 0 < T < oc, Ω some open set in R" containing the origin.
We let T, ξ be the dual variables to /, x respectively and (0, η) the variable in T* (S n~ι with the l k 's real (and distinct)
REMARK. If P is radially hyperbolic with respect to Σ near 0, then for each ε, 0 < e < T, it is hyperbolic with respect to the cylinder {t = ε}, but is characteristic with respect to Σ.
with Σ = {y = z = 0} becomes in cylindrical coordinates P=(td t f-t^-di, and hence, is strictly radially hyperbolic with respect to Σ near (0,0,0) e R 3 .
The following theorem solves the flat Cauchy problem for second order operators which are radially hyperbolic with respect to manifolds of any dimension. The question regarding higher order operators is currently under study. 3. Proof of Theorem 1. We begin by proving Lemma 1. Since the principal symbol of P satisfies (1.2), each root l k (t,θ,η) is positively homogeneous of degree one with respect to the fiber variable η and smooth in t and θ. We let L k (t 9 0, D θ ) be a pseudodifferential operator of order 1 on M, smooth in /, with principal symbol equal to il k9 and set Λ^ = td t -L k . From (1.1) and (1.2) one can easily check that
where O(j) will be used to denote various pseudodifferential operators on M, of order y, smooth in /. For k Φj 9 we know by (1.2) that L k -Lj is elliptic, so there exists a parametrix Q kJ of order -1 on M 9 smooth in 
([0,T];je°(M)).
With Q λ = P(r, 0, r3 r + λ, 3#), we immediately get the factorization for the adjoint operator where u 0 is in for each j = 1,... ,r. This, the factorization, and the same method used in proving Lemma 1 yields for k and γ sufficiently large With the desired uniqueness for functions sufficiently flat, we may now conclude as in the proof of Theorem 3.
Proof of Theorems 4 and 5.
Proof of Theorem 4. To prove this theorem we shall first need an energy estimate similar to that of Lemma 1. Proof of Lemma 3. Since P satisfies (2.1) with m = 2, we may write
with Q λ and Q 2 first and second order differential operators respectively. The condition (2.2) says we may rewrite the operator as
where Q is a second order differential operator in td x and 9^ whose principal symbol q, considered as a function of tξ and η, is elliptic and real. Moreover, the principal symbol of Q* satisfies §* = q < 0. We shall first prove local estimates and then derive the global estimate (5.1). For a local chart φ 9 θ l9 ... 9 θ n _ ι ), then, let w be in CQ°((0, T) X Ω X Ω). Since -q* is positive and elliptic, we have by homogeneity that -q* (t,x,θ,tξ,η) 
For the other two pieces in (5.4), we observe that since the principal symbol of Q* is purely imaginary we have -/a,IMI and use (5.5) for each z k (t 9 φ k w). Setting Φ = Σ^= 1 z k (t, φ k w) 9 observing that , * C{y -1) 2 Φ and summing over k 9 we have
If we let C γ = (C/2)(γ -I) 2 , this Gronwall-type inequality implies With T o G (0, Γ) and teN, using the same methods as in the proof of Theorem 2 we get a C k solution to Pu = /, flat to the order k at t = 0. We now apply another uniqueness result of Alinhac and Baouendi (Theorem 4 r of [3] ). As in the proof of Theorem 3, then, with 0 < T < oo, Ω replacing Ω r , and dropping the support restriction on /, we see that the conclusion of Theorem 4 follows.
Proof of Theorem 5. With Qt = -td t -1 + λ -Σ z td x A, + Λ*, since Λ + Λ* is of order 0 (hyperbolicity condition), we obtain a similar estimate to (5.1). We simply conclude now as in the proof of Theorem 4, except here we use still another uniqueness result of Alinhac and Baouendi-namely Theorem 4 of [3] . This completes the proof.
